In this article, we consider …nancial markets as complex dynamical systems, and check whether the critical slowing down indicators can be used as early warning signals to detect a phase transition. Using various rolling windows, we analyze the evolution of three indicators: i) Firstorder autocorrelation, ii) Variance, and iii) Skewness. Using daily data for ten European stock exchanges plus the United States, and focusing on the Global Financial Crisis, our results are mitigated and depend both on the series used and the indicator. Using the main (log) indices, critical slowing down indicators seem weak to predict to Global Financial Crisis.
Introduction
The rapid succession of …nancial crises over these recent years has created a strong incentive to build some tools able to predict crises, i.e. early warning signals. One very appealing framework, widely used with success in ecology, climatology (Dakos et al. [DAK 08]) or physics is to consider that systems are complex or self-critically organized (Sornette [SOR 09] ). Under such a framework, systems can switch between multiple equilibria without external forces (Sche¤er [SCH 09] , [SCH 12]) . In other words, the complex dynamic interplay between each particle of the system will lead to a phase transition or a bifurcation (Kuehn [KUE 11]) .
Within complex systems, the critical slowing down (CSD) concept is useful to predict critical transitions. Critical slowing down refers to the fact that a system becomes less and less able to absorb shocks and then to come back to an equilibrium state. In particular, the accumulation of shocks can alter the resilience of the system, driving it towards a critical transition, i.e. the system will switch to an other state. Before that transition, the changes will become slower and slower and as a consequence, for a particular series, the autocorrelation at lag one will increase, as well as the variance, and maybe other higher moments. Critical slowing down is therefore appealing because it allows for studying phase transitions within a theoretical framework with very simple tools, and without having to specify the particular underlying model. The goal of this paper is to empirically investigate the CSD concept, when applied to …nancial markets. For this prospect, we focus on stock exchanges for 2 Documents de travail du Centre d'Economie de la Sorbonne -2016.45R (Version révisée) ten European countries plus the United States, from the post Dot.com bubble up to the beginning of the Global Financial Crisis (GFC). We focus on two kinds of data, the main indices, in log-form, as suggested by Diks et al. [DIK 15] within a similar framework, and the cumulative returns, which are considered as a re-scalling of main indices. Then, we analyze whether auto-correlations at lag one, as well as moments of orders two and three increase before the crisis, thus signaling a phase transition. Following Lenton et al. [LEN 12 ], our study is performed on large rolling windows of size T =2 and T =4, T being the length of the whole sample period, and on detrended data, using a Gaussian kernel with a low bandwith.
Whereas CSD has turned to be very useful in other domains, our results are here quite mitigated. Compared to Diks et al. [DIK 15] , we …rst show that us- Over past and recent history, …nancial markets have been subject to several sudden changes, i.e. regime shifts. Such abrupt changes depict critical transitions from a non-depressed or normal state to a depressed or crisis state and conversely. Shifts occur when the considered system, such as a given set of …nancial markets, reaches a critical threshold frequently named tipping point (Dakos et al. [DAK 08]) . In particular, the system converges towards a tipping point around which it becomes more and more unable to absorb small shocks (Kuehn [KUE 11]) . As a result, its ability to recover from such perturbations slows down (see for example the fold catastrophe model, Sche¤er [SCH 09]), so that its potential for recovery becomes also low, i.e. zero recovery rate and increasing recovery time are observed (van Nes and Sche¤er [NES 07]). Indeed, the dynamical system exhibits a decreasing resilience (Dai et al. [DAI 12] ). Under such a low resilience regime, the system loses e¢ ciency and accumulative small perturbations 1 can trigger the system's shift to a depressed state, i.e. a critical transition (Carpenter et 
Data and empirical application
In this section, we set the focus on the ability of critical slowing down indicators to predict the Global Financial Crisis. We consider stock market indices for the U.S. stock market and for ten European stock exchanges such as Belgium, France, Germany, Greece, Ireland, Italy, Netherlands, Portugal, Spain and U.K. Data span from October 10 th , 2002 to July 2 nd , 2007 (i.e. 10OCT02-02JUL07 period), which starts at the end of the Dot.com bubble and terminates at the beginning of the GFC (see 1). Speci…cally, we implement the analysis on computed log-indices and on cumulative returns of indices.
To extract the relevant information in view of our critical slowing down study, we follow the methodology of Dakos et al. (2008) . In their paper, they propose a two-step methodology while analyzing univariate time series. First, 6 Documents de travail du Centre d'Economie de la Sorbonne -2016.45R (Version révisée) where T = 1122. Over each rolling window, considering detrended time series, compute: a) First-order auto-correlations by ordinary least squares, b) The second moment, c) The third moment.
To detrend series, we employ a classical moving-average process. For a given series fy t g T t=1 , the corresponding detrended series fx t g T t=1 is computed as:
where M A t is a signal, computed as:
and G(:) is a gaussian kernel de…ned as:
(3)
In (3), is the bandwidth parameter, which is normally assumed to range from 10 to 20. According to …gure (2), a high value of the bandwidth parameter such as setting = 20 tends to slightly oversmooth the series, possibly introducing 7 Documents de travail du Centre d'Economie de la Sorbonne -2016.45R (Version révisée)
an arti…cially high auto-correlation. Hence in the sequel of the study, the lowest bandwidth value = 10 will be applied. We compute the three critical slowing down indicators of detrended logindices. We …rst report results for the log-indices and then for cumulative returns.
Log-indices
First-order auto-correlation First-order auto-correlation is considered as the major indicator of phase transitions. Figure (3 Vertical reference 10MAY06.
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Variance The second critical slowing down indicator consists of the second moment of detrended time series. According to the theory, we expect here again an upward increase or decrease in variance before a tipping point occurs. Figure   (5 ) plots corresponding heatmaps, and highlights the strong lack of evidence that variances increase or decrease before the GFC. Again, such feature seems to invalidate the use of a variance increase or decrease as a forthcoming crisis warning.
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Documents de travail du Centre d'Economie de la Sorbonne -2016.45R (Version révisée) the series used, the study performs much better on a re-scaled index than on a log-index. Second, concerning CSD indicators, whether we can have increases in variance and/or skewness without an upward trend in …rst-order autocorrelation is unclear. As a result, drawing sound conclusions about the validity of CSD for …nancial markets is by far not straightforward. Nevertheless, within or beyond the CSD, we found that increases in variance (Carpenter et al. [CAR 11] ) and skewness (Guttal et al. [GUT 08] ) are two useful early warning indicators. A combination of these two moments may provide a good early warning signal for …nancial markets, i.e. the probability of an upcoming …nancial crisis.
